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We show that the ability to make direct measurements of momentum, in addition to the usual
direct measurements of position, allows a simple configuration of two identical mechanical oscillators
to be used for broadband back-action-free force metrology. This would eliminate the need for
an optical reference oscillator in the scheme of Tsang and Caves [Phys. Rev. Lett. 105, 123601
(2010)], along with its associated disadvantages. We also show that if one is restricted to position
measurements alone then two copies of the same two-oscillator configuration can be used for narrow-
band back-action-free force metrology.
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I. INTRODUCTION
Time-varying quantities, known as signals or wave-
forms, are detected by monitoring a dynamical system
that is affected by the signal. Examples are magnetom-
etry [1–3], gravity-wave detection [4–7], and accelerom-
etry [8]. Because the process involves a measurement
on an evolving system, quantum back-action noise is an
important limiting factor [5, 9]. Nevertheless it is possi-
ble, somewhat remarkably, to cancel this intrinsic noise
source. Beginning with Unruh in 1982 there have been a
number of methods proposed, and some demonstrated,
for canceling quantum noise over a range of frequen-
cies [2, 10–19].
Here we consider the most recently proposed scheme
for back-action noise cancellation, that by Tsang and
Caves [17, 18]. Their scheme not only allows cancellation
of quantum noise over all frequencies (broadband), but
is conceptually simple and elegant. It requires, in addi-
tion to the oscillator that detects the signal (the “probe”
oscillator), a second “auxiliary” oscillator that has iden-
tical properties except that it does not feel the signal and
its frequency is the negative of that of the probe. The
scheme works by having the measuring device coherently
measure the sum of the positions of the two oscillators
(in the case of an optical oscillator the “position” is one
of the quadratures). To create an oscillator with an ef-
fectively negative frequency Tsang and Caves (TC) used
an optical oscillator with a frequency very much higher
than that of the mechanical probe, and modulated the
measurement of the optical oscillator so that, from the
point of view of the measurement, it appeared to have a
negative frequency. This modulation is achieved by mod-
ulating the strength of the interaction between the optical
oscillator and the measuring device, and is a fairly stan-
dard “frequency conversion” technique that is straight-
forward to implement with optics. The modulation only
produces the desired effect, however, if the frequency of
the auxiliary, ωa, is much larger than that of the probe,
ν, because it generates additional terms in the output
spectrum that appear at ±2ωa. These interfere with the
measurement process if they overlap with the spectrum
of the probe oscillator.
While elegant the scheme of Tsang and Caves has two
drawbacks. The first is that, in order to measure the
sum of the position of the probe and a quadrature of the
optical oscillator a parametric amplifier must be used to
engineer the required interaction with the optical oscilla-
tor. The second is that perfect noise cancellation is only
achieved when the damping rates of the probe and auxil-
iary are the same, something that is not easy to achieve
with an optical auxiliary.
The drawbacks of TC noise cancellation would be elim-
inated if it were possible to use an auxiliary that felt the
same force as the probe and had the same frequency. In
that case a mechanical oscillator could be used as the
auxiliary, which would eliminate the need for a paramet-
ric amplifier and make it much easier to achieve identical
damping rates. Here we consider how this could be done.
We begin by showing that if one has the ability to di-
rectly measure any quadrature of the mechanical motion,
then a small modification of the TC scheme allows one
to use an auxiliary that has the same frequency and feels
the same signal as the probe. This scheme is conceptually
simple and makes it clear that one can perform perfect
frequency conversion using a linear interaction so long as
one can measure any quadrature (any linear observable).
By “perfect” frequency conversion we mean an interac-
tion with an oscillator such that the frequency of the
oscillator appears to be different from its true frequency,
and without the introduction of any spurious sidebands
at multiples of the latter.
Measuring an arbitrary quadrature of a mechanical
oscillator may not be easy, however. An arbitrary me-
chanical quadrature is an arbitrary superposition of the
position and momentum. While measuring position is
straightforward, as far as we are aware there are only two
methods that have to-date been proposed for making di-
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2rect measurements of momentum, and neither have been
demonstrated in the quantum regime. The first of these
methods, by Greywall et al., is to use the magnetic field
generated by electrons, since this field is proportional to
the electrons’ velocity [20]. To achieve broadband noise-
cancellation our method requires that we measure a time-
varying superposition of the momentum and position of
one oscillator along with the position of second. An is-
sue with the scheme of Greywall et al. is that electrical
current involves dissipation, and because of this it is not
obvious how to extend the scheme to measure a coherent
superposition of momentum and position. The second
scheme by Benetov and Blencowe is more recent, and in-
volves an effective interaction with the momentum of an
oscillator that can be obtained using a quantum point-
contact [21]. While this scheme indicates that it may well
be possible to make measurements of a superposition of
one quadrature of one oscillator and another quadrature
of another, we do not attempt to develop any specific
schemes to do so here. Nevertheless, the fact that such
measurements could be used for all-mechanical broad-
band back-action-free accelerometry may provide a mo-
tivation for doing so.
Since techniques for the direct measurement of momen-
tum are not yet well-developed, we also examine whether
noise cancellation can be achieved with two identical me-
chanical oscillators and with position measurement alone.
We show that this is possible if one uses two pairs of os-
cillators rather than a single pair, although because the
frequency conversion is imperfect the scheme is restricted
to narrow-band detection. By “narrow-band detection”
we mean that the bandwidth of the force detection must
be significantly less than the frequency of the mechanical
oscillators.
This paper is laid out as follows. In Section II we
describe the Tsang-Caves scheme for back-action noise
cancellation, and show that it can be performed with
two identical mechanical oscillators if one has the abil-
ity to measure a time-dependent arbitrary quadrature of
each oscillator. In Section III we show how modulating
a position measurement can be used to obtain a similar
result, but does not allow broad-band detection. In Sec-
tion IV we describe a simple opto-mechanical (or electro-
mechanical) method for implementing the schemes pre-
sented in Section III. In this section we also discuss the
physical parameters required to beat the standard quan-
tum limit. We finish with a brief conclusion in Section V.
II. BROADBAND NOISE CANCELLATION
WITH MOMENTUM MEASUREMENT
We must first describe how TC noise-cancellation
works. To do this all we need are the Heisenberg equa-
tions of motion that describe a Harmonic oscillator whose
position is continuously measured. These equations are
x˙ = Ωp, (1)
p˙ = −Ωx+
√
8kξ(t), (2)
in which x and p are dimensionless versions of the posi-
tion and momentum of the oscillator, Ω is the angular fre-
quency of the oscillator, and ξ(t) is a quantum white noise
source with correlation function 〈ξ(t)ξ(t′)〉 = δ(t′−t) [22].
The dimensionless position and momentum are given re-
spectively by x = b + b† and p = −i(b − b†), where b
is the annihilation operator for the oscillator. The pa-
rameter k is determined by the rate at which the mea-
surement extracts information about the position. It is
related to the noise on the stream of measurement re-
sults, r(t), by r(t) = 〈x(t)〉+z(t)/√8k where z(t) is white
noise with correlation functions 〈z(t)z(t′)〉 = δ(t′−t) and
〈z(t)ξ(t′)〉 = 0.
To realize TC noise cancellation, we consider having
two such oscillators with respective positions x1 and x2,
where the second has frequency equal to −Ω. If we mea-
sure X+ = x1 + x2, then because we are measuring a
coherent sum of the two positions, the two oscillators
are driven by identical back-action noise. If we drive the
positive oscillator with a force f1(t) then the equations
of motion for the two oscillators are
x˙1 = Ωp1, p˙1 = −Ωx1 +
√
8kξ(t) + f1(t), (3)
x˙2 = −Ωp2, p˙2 = Ωx2 +
√
8kξ(t). (4)
If we consider P− = p1 − p2 then from the above equa-
tions we can obtain immediately X˙+ = ΩP− and P˙− =
−ΩX+ + f1(t). Because P− is the difference between p1
and p2, and because the back-action noise is common to
both, this noise cancels for the motion of P−. Thus X+
and P− constitute an oscillator that experiences no back-
action noise, while still feeling the force f1(t). This is TC
quantum noise cancellation. If we drive the negative os-
cillator with a force f2(t), then the noise-free oscillator
feels the difference of the forces, f1(t)− f2(t).
We now note that the variables X− = x1−x2 and P+ =
p1 + p2 also form an oscillator, in that when there are no
driving forces or measurements we have X˙− = ΩP+ and
P˙+ = −ΩX˜−. What is more, if we measure X− = x1−x2
then p2 experiences the negative of the back-action force
that drives p1. Because p1 and p2 experience opposite
back-action noise, for the variable P+ = p1 + p2 this
noise cancels so that
X˙− = ΩP+, (5)
P˙+ = −ΩX− + f1(t) + f2(t). (6)
where f1(t) is the force driving the probe and f2(t) is
that driving the auxiliary. That is, a measurement of
X− = x1 − x2 realizes a back-action free measurement
of the sum of the forces on the two oscillators. Since
we can measure the sum of two forces in this way, if
both oscillators experience the same force f = f1 = f2
3we could use this method to measure this force if we had
such a positive/negative pair. We could do this using two
identical oscillators if we could measure them in such a
way that the frequency of one of them was effectively
negated.
To create an oscillator with an effectively negative fre-
quency, first consider making a measurement of the posi-
tion x of an oscillator with frequency ν. If we look at the
dynamics in the Heisenberg picture then the measured
observable is
x(t) = x0 cos(νt) + p0 sin(νt) = a0e
−iνt + a†0e
iνt, (7)
where x0 = a0 +a
†
0 and p0 = −i(a0−a†0) are constant op-
erators. We can cancel this time-dependence completely
by instead measuring an observable that is rotating in
the “opposite direction” at the same frequency. That is,
if we measure
y−ν(t) ≡ x cos(νt)− p sin(νt) = aeiνt + a†e−iνt, (8)
then the result is a measurement of the time-independent
quantity x0. Taking this further, if we measure an observ-
able rotating at −ν±Ω, then an oscillator with frequency
ν appears to have frequency ±Ω. That is, the negative
oscillator in Eq.(4) is equivalent to a measurement of
x˜(t) = y−ν−Ω(t) = aei(ν+Ω)t + a†e−i(ν+Ω)t (9)
on an oscillator with frequency ν. To obtain an oscillator
with frequency −ν from one with frequency ν we just
have to measure y−2ν(t). Note that to do this we must
be able to make a measurement of a superposition of x
and p.
The above measurement procedure performs perfect
frequency conversion. But we are not quite done yet,
because we need to examine how the force driving the
oscillator appears in the measurement signal. In short,
since the force is driving a real oscillator with frequency
ν, and the measurement sees an oscillator with frequency
−ν, the force must appear transformed because it would
produce a different signal if it were really driving a neg-
ative frequency oscillator. We can determine this trans-
formation easily by deriving the equation of motion for
y−2ν(t) from the equations of motion for x and p. By
differentiating y ≡ y−2ν(t) we find that
y˙ = −νpy − sin(2νt)f(t), (10)
p˙y = νy + cos(2νt)f(t), (11)
in which
py ≡ x sin(2νt) + p cos(2νt). (12)
The effective negative oscillator is thus driven by a trans-
formed version of the force. We need to see how the force
appears in the output signal so that we can process this
signal appropriately to back-out f . To do this it is sim-
plest to work in frequency space, and this requires that
we add damping to our oscillators so that they have a
well-defined steady-state.
When the damping rate of an oscillator is small com-
pared to its frequency then the usual linear frictional
damping force, namely p˙ = −γp for some damping rate
γ, transforms approximately into damping that is sym-
metric in x and p, and as a result can be modeled by a
simple Markovian master equation [22]. The equations of
motion for a positive oscillator under symmetric damping
are
x˙ = −γ
2
x+ νp+
√
γvp(t), (13)
p˙ = −γ
2
p− νx+√γvx(t), (14)
where vx(t) and vp(t) are white noise sources with the
correlation functions
〈vx(t)vx(t′)〉 = 〈vp(t)vp(t′)〉 = (2nT + 1)δ(t− t′) (15)
〈vx(t)vp(t′)〉 = 0. (16)
The parameter nT is the average number of thermal
phonons in the oscillator at the ambient temperature
T [23].
By converting the above equations of motion to fre-
quency space we can determine how the Fourier trans-
form of the force appears in the Fourier transform of the
position. Adding driving terms to the equations of mo-
tion to give
x˙ = −γ
2
x+ νp+
√
γvp(t) + sx(t), (17)
p˙ = −γ
2
p− νx+√γvx(t) + sp(t), (18)
we find that these terms appear in the position as
xf (ω) =
νSp(ω) + (γ/2− iω)Sx(ω)
G(ω)
, (19)
where xf (ω) is the total contribution of the driving terms
to the Fourier transform of the oscillator position, Sx(ω)
and Sp(ω) are the Fourier transforms of the driving
terms, and we have defined
G(ω) ≡ (γ/2− iω)2 + ν2. (20)
Applying the above result to the oscillator given by
Eqs.(10) and (11) we find that the force appears in the
position y as
yf (ω) =
F (ω + ν)
A(ω − ν) −
F (ω − ν)
A(ω + ν)
, (21)
where A(s) ≡ s + iγ/2 and we have used the fact that
G(ω) = A(ω + ν)A(ω − ν).
To obtain noise cancellation we need to measure a sum
of y and the coordinate x for a positive oscillator with fre-
quency ν. Since we do not need to perform any frequency
conversion for this measurement, the force appears in the
signal of the measurement of x as
xf (ω) =
νF (ω)
G(ω)
. (22)
4Adding the signals in Eqs.(21) and (22) together to give
zf = xf + yf the combined output signal is
zf (ω) = −F (ω − ν)
A(ω + ν)
+
νF (ω)
G(ω)
+
F (ω + ν)
A(ω − ν) . (23)
The measured signal therefore contains components of
the force spectrum at three different frequencies. There
are various ways that we can extract the force from this
signal. We first note that if we substitute ωn = (n+1)ν+
ω into zf we obtain
Fn = −anzf (ωn) + an
bn
νFn+1 − an
cn
Fn+2, (24)
where an, bn, and cn are functions of ωn and we have
defined Fn = F (nν + ω). The above expression is a
recursion relation for F (ω). Since the transfer function of
the oscillators has a width of γ and scales as 1/ν for ν 
γ, the contribution of a term containing Fn decreases
approximately as 1/n. We can therefore use the above
recursion relation and truncate it at a value of n that
gives the desired accuracy.
A much neater expression for the force can be obtained
by using a second pair of oscillators identical to the first
pair except that instead of measuring y(t) for the second
oscillator we measure the observable that lags (or leads)
y(t) by pi/2. That is, we measure
y′(t) = x sin(νt) + p cos(νt), (25)
which gives the output signal
z′f (ω) = i
F (ω − ν)
A(ω + ν)
+
νF (ω)
G(ω)
+ i
F (ω + ν)
A(ω − ν) . (26)
Adding together the signals zf and z
′
f we have
F (ω)
G(ω)
=
zf (ω)− iz′f (ω)
ν(1− i) − 2
F (ω + ν)
(1− i)νA(ω − ν) , (27)
which provides the simple recursion relation
Fn = αn − βnFn+1 (28)
with Fn = F (ωn) = F (ω + nν) and
αn = G(ωn)
zf (ωn)− iz′f (ωn)
(1− i)ν (29)
βn =
(
2
1− i
)
A(ωn+1)
ν
. (30)
The resulting exact expression for the force is
F (ω) =
∞∑
n=0
(−1)nαn
(
n−1∏
k=0
βk
)
. (31)
Each subsequent term in the sum makes a smaller con-
tribution to F (ω), so the sum can be truncated when
sufficient accuracy is achieved.
III. NARROWBAND NOISE CANCELLATION
WITH POSITION MEASUREMENT
We now examine how close we can get to the above
noise cancellation scheme if we are limited to position
measurements alone. This means that the interaction
with each of the mechanical oscillators is restricted to the
form Hint = ~λBx where x is the mechanical position,
B is a quadrature of the probe oscillator, and λ is a rate
constant. Given this interaction it is well-known that we
can still perform an approximate frequency conversion by
modulating the interaction rate λ (see, for example [22,
24, 25]). Let us modulate the coupling as
λ(t) = λ0 {cos([ωa − ν + Ω]t) + cos([ωa + ν − Ω]t)} ,
(32)
where ωa is the frequency of the probe oscillator, ν is the
that of the mechanical oscillator, and Ω is the frequency
that wish the mechanical oscillator to appear to have.
We will assume that the probe oscillator is optical and
thus has a much greater frequency that the mechanics.
If we denote the annihilation operator for the probe by b
so that A = b + b† and that of the mechanical oscillator
by a, and move into the interaction picture with respect
to both oscillators, the Hamiltonian becomes
HIint = ~λ0A[x cos(Ωt) + p sin(Ωt)]
+ ~λ0A[x cos([Ω− 2ν]t) + p sin([Ω− 2ν]t)],(33)
with some additional terms that oscillate at the much
higher frequency ωa. In the first interaction term the
mechanical oscillator appears to be rotating at frequency
Ω instead of frequency ν, and if this were the only inter-
action term we would have perfect frequency conversion.
In the second interaction term the mechanical oscillator
appears to be oscillating at 2ν−Ω. This second term will
in general interfere with our noise cancellation scheme.
It produces a signal in the output of the probe that is
shifted from that of the first by 2(ν − Ω), and will also
generate back-action noise driving the mechanics that is
shifted up by this frequency.
The additional fictitious oscillator at 2(ν − Ω) ceases
to be a problem if its spectrum is well-separated from
the spectrum of the fictitious oscillator with frequency
Ω. This will be the case if the bandwidth of the mechan-
ics, which is essentially the mechanical damping rate, as
well as the frequency Ω are both much less than 2ν. Thus
the modulation scheme for performing approximate fre-
quency conversion will allow us to construct a back-action
cancellation scheme if the bandwidth we wish to measure
is small compared to the mechanical frequency ν.
In the cancellation scheme above we started with two
mechanical oscillators with frequency ν and used a mea-
surement of a quadrature rotating at −2ν to obtain a
oscillator with effective frequency −ν. Now using our
modulated position measurement the frequency of the
effective oscillator that we produce, Ω, must be consider-
ably smaller than ν. We therefore start with two oscilla-
tors at frequency ν and use the modulation technique to
5give one of them an effective frequency of Ω and the other
an effective frequency of −Ω. This gives us the required
positive/negative pair.
Because the bandwidth γ passed by the mechanical
oscillators is much smaller than its central frequency ν
the positive and negative parts of the spectrum of the
oscillator (the spectrum of the motion of the oscilla-
tor’s position coordinate) are well-separated and can be
treated separately when considering transformations on
this spectrum. Recall that the negative frequency part
of the Fourier transform, F (ω), of a real signal is the
complex conjugate of the positive part: F (−ω) = F ∗(ω).
The fact that the positive and negative parts are ini-
tially well-separated provides some simplification in the
analysis; a measurement that shifts the frequency of an
oscillator from ν down to Ω shifts the positive part of
the Fourier transform of its motion down from ν to Ω
and the negative frequency part up from −ν to −Ω. We
will denote the positive part of a Fourier transform F (ω)
by adding the superscript “pos” to give F pos(ω).
We now use the modulation method above to measure
two mechanical oscillators with frequency ν so that they
appear to have, respectively, the frequencies ±Ω. The
effective equations of motion for these oscillators, minus
the damping and quantum back-action, are then
˙y± = ±Ω p± − sin(ν ∓ Ωt)f(t), (34)
˙p± = ∓Ω y± + cos(ν ∓ Ωt)f(t), (35)
with p± ≡ x sin(±Ωt) + p cos(±Ωt). To obtain quantum
noise cancellation we measure the observable
z = y+ + y−, (36)
and the force appears in the positive frequency part of
this signal as
zposf (ω) =
γ/2− i[ω − Ω]
2G(ω)
[
F pos(ω + [ν − Ω]) + F neg(ω − [ν + Ω]) + F pos(ω + [ν + Ω]) + F neg(ω − [ν − Ω])
]
, (37)
where G(ω) = (γ/2 − iω)2 + Ω2. The negative part of
the spectrum of the force, F neg(ω), appears here for the
following reason. The modulation that generates the ef-
fective positive oscillator with frequency +Ω shifts the
positive frequency part of the force down from +ν to +Ω
and the negative part from −ν to −Ω. However, the
modulation that generates the effective negative oscilla-
tor moves the negative part sitting at −ν up to +Ω, and
similarly the positive part at +ν down to −Ω. Thus a
contribution from the negative part of the force spectrum
appears in the positive part of the output signal, and vice
versa.
1. Case I: Bandwidth γ  Ω
We can now distinguish two cases. If we chose the
bandwidth of the oscillators so that it is much smaller
than Ω, then the spectrum centered at −Ω does not
overlap with that which is centered at Ω. That is, the
spectrum centered at −Ω does not encroach on the posi-
tive part, and so the last two terms in the above expres-
sion for zposf (ω) drop out. This situation is illustrated
in Fig. 1. In Fig. 1a we show the spectrum of the sig-
nal coming from the positive oscillator and in Fig. 1b the
spectrum coming from the negative oscillator. If we write
ω = Ω + ∆ then we have
zposf (Ω + ∆)
B(Ω + ∆)
= F pos(ν + ∆) + F neg(−ν + ∆), (38)
where
B(ω) =
γ/2− i(ω − Ω)
2G(ω)
. (39)
Noting that the relationship between the positive and
negative parts of the spectrum is F (−ω) = F ∗(ω) we
can also write this as
zposf (Ω + ∆)
B(Ω + ∆)
= F pos(ν + ∆) + F pos∗(ν −∆). (40)
To determine the spectrum of the force from the out-
put signal we need only disentangle F pos(ν + ∆) from
F pos∗(ν −∆). We can do this, as we did in the previous
section, by having another pair of oscillators in which we
measure quadratures that are out of phase with y± by
pi/2. The result of changing the phase of the measured
observables is that a different linear combination of the
positive and negative spectra appear in the output signal,
due to the fact that we are changing the phase relation-
ship between the force and the effective oscillators.
If we denote by y
(pi/2)
± the quadratures that respectively
lag y± by pi/2, and we measure the observable
z˜ = y
(pi/2)
+ + y
(pi/2)
− , (41)
then the force appears in the output of this measurement
as
z˜posf (Ω + ∆)
iB(Ω + ∆)
= F pos(ν + ∆])− F pos∗(ν −∆). (42)
We can therefore obtain the force as
F pos(ν + ∆]) =
zposf (Ω + ∆)− iz˜posf (Ω + ∆)
2B(Ω + ∆)
. (43)
6FIG. 1. The Fourier transforms of the output signals from the
effective oscillators are shown in (a) (frequency Ω) and (b)
(frequency −Ω). In (a) the “hump” on the positive frequency
side has been shifted down from ω = ν to ω = Ω, and that on
the negative frequency side has been shifted up from ω = −ν
to ω = −Ω. In (b) the hump on the left is the same hump
as that on the right in (a), and vice versa. Since each hump
is not symmetric, we have drawn the right and left sides of
the hump that comes from ω = ν with black and grey solid
lines, respectively. We have similarly depicted the hump that
comes from −ν with black and grey dashed lines, so that a
dashed line of a given color denotes the complex conjugate of
the solid line with the same color.
2. Case II: Bandwidth γ ∼ Ω
Ideally we would like to detect the broadest possible
bandwidth and so we now consider the case in which γ
is not much smaller than Ω. In this case the positive
and negative parts of the spectrum overlap in the output
signal, as depicted in Fig. 2. It is now useful to introduce
the following compact notation:
F±n ≡ F (ν + nΩ±∆), (44)
Z±n ≡
2zposf ([n+ 1]Ω±∆)
B([n+ 1]Ω±∆) , (45)
Z˜±n ≡
−2iz˜posf ([n+ 1]Ω±∆)
B([n+ 1]Ω±∆) . (46)
With these definitions Eq.(37) becomes
Z+n =
1
2
(
F+n + F
−∗
−n + F
+
(n+2) + F
−∗
−(n+2)
)
, (47)
and the measurement of the quadrature that lags Z by
pi/2 gives the signal
Z˜+n =
1
2
(
F+n − F−∗−n + F+(n+2) − F−∗−(n+2)
)
, (48)
FIG. 2. The Fourier transforms of the output signals from
the effective oscillators are shown in (a) (frequency Ω) and
(b) (frequency −Ω) in the situation in which the humps that
have been shifted down from ω = ν (and up from ω = −ν)
overlap. As in Fig. 1 the dashed lines represent the (reflected)
complex conjugates of the solid lines with the same color.
so that
Z+n + Z˜
+
n = F
+
n + F
+
(n+2). (49)
Solving this recursion relation gives us
F (ν + ∆) =
∞∑
n=0
(−1)n
(
Z+2n + Z˜
+
2n
)
. (50)
As n increases the values of Z+2n and Z˜
+
2n decrease as
1/n so that the series can be truncated when the desired
level of accuracy is reached. Since the transfer function
is Lorentzian with width γ, and the sample points are
separated by 2Ω, it is the ratio r ≡ γ/Ω that determines
the number of values, N , that are required in the series.
Specifically, if we demand an error ε  1, then we can
truncate the sum in Eq.(50) at N ≈ r/ε.
IV. OPTOMECHANICAL IMPLEMENTATION
FOR NARROW-BAND DETECTION
In Fig. 3 we depict an implementation of the narrow-
band noise-cancellation scheme presented in Section III.
While this implementation is shown using optical cavi-
ties, superconducting nano-electromechanics can also be
used and is identical from a theoretical point of view [22].
In Fig. 3 each of the two mechanical oscillators is coupled
to an optical oscillator in the usual opto-mechanical man-
ner [26]: each mechanical oscillator forms one of the end-
mirrors of the corresponding optical or superconducting
7cavity. The cavities have a resonance frequency ωc that
is much higher than the mechanical resonance ν. To en-
able measurement of a mechanical quadrature rotating
at −ν ±Ω, so as to provide effective oscillators with fre-
quencies ±Ω, the cavities are driven on resonance, and
the driving laser is amplitude modulated at ν ± Ω. The
term in the Hamiltonian that describes this driving is
Hd = i~β cos([ν ± Ω]t)(ae−iωct − a†eiωct), (51)
where a is the mode operator for the cavity mode and
β is proportional to the amplitude of the laser. This
combination of driving frequency and amplitude modu-
lation implements the modulation scheme described in
Section III.
Once we eliminate the interaction terms oscillating
with frequencies greater than or equal to 2ν the Hamil-
tonian that couples a cavity to one of the mechanical
oscillators is
H = ~νb†b+ ~g(c+ c†)y±(t), (52)
where
y±(t) = bei(ν±Ω)t + b†e−i(ν±Ω)t, (53)
b is the mechanical mode operator, g = αg0 is the effec-
tive coupling rate, |α|2 is the steady-state number of pho-
tons in the cavity mode, and g0 is the opto-mechanical
coupling strength [22, 27]. The mode operator c = a−α
is a shifted version of the cavity mode operator. We have
written the HamiltonianH in the interaction picture with
respect to the oscillation of the optical mode at frequency
ωc. Because we will measure the output of the cavity at
the optical frequency it is H that correctly describes the
observed dynamics. Because the observables y±(t) is cou-
pled to the cavity amplitude quadrature, xa = a + a
†, a
measurement of the phase quadrature reads them out.
By shifting the phase of the modulation we can alterna-
tively measure phase-shifted versions of y±(t) as required
by the schemes in Section III.
To measure a coherent superposition of the quadra-
tures of two mechanical oscillators we interfere the out-
puts of the two cavities at a beamsplitter before mea-
suring the phase, and this completes the implementation
shown in Fig. 3. This scheme is well-suited to demon-
stration with current experimental systems [28–30].
Beating the standard quantum limit
We now discuss the physical parameters required to
beat the standard quantum limit. To do so one must
examine the key noise sources for force measurement.
These are i) thermal noise, ii) classical measurement noise
also referred to as “measurement inefficiency” [22], and
iii) the quantum back-action noise that is eliminated by
the present scheme. The back-action noise and thermal
noise drive the oscillator in the same way as the force sig-
nal being measured, so they can be compared very sim-
ply. They are both filtered through the transfer function
FIG. 3. A diagram of a physical implementation of our force
metrology scheme for a single pair of mechanical oscillators.
Laser inputs 1 and 2 drive the optical/superconducting cav-
ities, one being modulated at Ω and the other at −Ω. Input
3 is the local oscillator for the homodyne detection, which
is performed after interfering the cavity outputs on a 50/50
beamsplitter. In the simplest scenario, two of these oscillator-
pair configurations are used, where in the second the laser
inputs 1 and 2 are shifted by pi/2 from those of the first.
Each configuration then provides one of the quadratures of
the applied force.
of the mechanical oscillators which, at resonance, means
dividing their noise powers by γ2. The fundamental min-
imum measurement noise, which is white noise added to
the output signal x˜(t) has power SminM (ω) = 1/(8k), the
inverse of the back-action. Any noise above this level is
due to classical noise in the detection system, including
noise on the driving laser. The measurement efficiency
is defined by η = SminM /SM where SM is the actual mea-
surement noise.
We will present all noise powers in the dimensionless
units of p˜, since these are easily converted to units of real
force by multiplying by ~νm/2, where m is the mass of
the mechanical oscillators. Because we are measuring a
combination of variables of two oscillators the contribu-
tions from the various noise sources are slightly different
than those for a single oscillator. The total noise on the
output signal in the above dimensionless units is
Sout =
1
8ηk
+
4(2nT + 1)
γ
+
4〈Re[F (ν)]2〉
γ2
+
8k
γ2
, (54)
where we have used a measurement of the real part of
F (ν) as our example. The first term in Sout is the
measurement noise, the second is thermal noise and the
fourth is the back-action noise that would normally ap-
pear but which is eliminated by the quantum noise can-
cellation. The measurement rate k = 2g/κ where κ is the
damping rate of the cavities. This damping rate gives
the frequency response of the measurement so we usually
want to have κ >∼ ν. At zero temperature the thermal
noise reduces to the zero-point motion of the oscillators.
If we define the point at which the measurement is lim-
ited by back-action noise as the point at which the back-
action noise is equal to the thermal noise, then the crite-
rion for demonstrating cancellation is k ≥ γ(nT + 1/2).
In terms of the cavity photon number |α|2 and opto-
mechanical coupling constant g0 this criterion is αg0 ≥
γκ(2nT + 1)/4.
8V. CONCLUSION
We have shown that it is possible to realize quantum
noise cancellation for force detection using two identical
mechanical oscillators. We have shown that if one can
directly measure the momentum as well as the position
of a mechanical oscillator then two identical oscillators
can be used for back-action free force detection across all
frequencies, so-called “broadband” detection. While we
have not presented a method to make such momentum
measurements, this result provides a motivation for doing
so.
At least as far as we have been able to determine, it
is not possible to achieve broadband detection with two
identical oscillators if one only has position measurement
at ones disposal. The reason for this is that one cannot
then measure an arbitrary quadrature of the mechanics,
and as a result an attempt to perform frequency con-
version — required to create an oscillator with an effec-
tively negative frequency — introduces additional noise
in various places in the spectrum. We have shown that
it is nevertheless possible to use two identical mechani-
cal oscillators to make back-action free measurements for
a narrow band of frequencies about the mechanical fre-
quency. This is possible because modulating a position
measurement allows one to realize approximate frequency
conversion for a bandwidth that is small compared to the
mechanical frequency.
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